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ON A GENERALIZATION OF THE PLANK PROBLEM 

BY ZS. PALES 

A strip or a plank S in M" is a closed set bounded by two parallel 
hyperplanes. The distance of these hyperplanes is called the width of S. 
The minimal width of a convex closed set K is the minimal width of a 
strip containing K. 

The following theorem was conjectured by A. Tarski in 1932 and 
proved by T. Bang [2] in 1951: 

// a closed convex set K in is covered by a finite number of strips, 
then the sum of their widths is greater than or equal to the minimal width 
ofK. 

This result has recently been generalized to Banach spaces by K. Ball 
[!]• 

If n = 2 and K is the unit disc then there is an extremally simple 
proof for the above result. 

Assume that the unit disc in is covered by strips Si, ... ,8^ with 
widths di,...,dk. Without loss of generality we can also assume that 
both bounding lines of the strips intersect the unit circle. Now we con- 
sider the unit sphere in and to each strip Si in we construct a three 
dimensional strip S* which is of width di and intersects the xy-plane in 
Si. Since Si, . . . , Sk cover the unit disc, hence S*, . . . , SI cover the unit 
sphere. The area of the inersection of the unit sphere and the strip S* 
is 27rdi independently of the position of of the i-th strip. (This is a well 
known fact from calculus, already discovered by Archimedes.) Thus the 
sum of these areas exceeds the area of the unit sphere, i.e. 

k k 

^ 27rdi >Atx ^ X] - ^' 

i=l i=l 

which was to be proved. 

We can interpret this proof in the following way: If is a subset of 
the disc then we project it up to the sphere, measure the area of the 
projection and call this number the /i measure of S. Then the /i measure 
of a the intersection of a strip and the disc is the width of the strip times 
27r. Then the statement is a simple consequence of the subadditivity of /i. 
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In what follows, we generalize this idea and extend the result discussed 
above. 

An angular domain in is a closed convex set D bounded by two 
halfiines. The angle of D is the angle closed by the bounding halflines. 
The vertex of D is the common endpoint of these two halflines. 

Theorem 1. Let two concentric circles k and K be given on the plane 
with radii r and R, r < R. Assume that the disc hounded by k is covered 
by angular domains whose vertices are within K. Then the sum of the 
angles of these angular domains is greater than or equal to the view angle 
of k from an arbitrary point of K. 

Remark. This result was proposed as a problem by the author on 
the 1985 M. Schweitzer competition (see [3]). 

Proof. Denote by O the common center of the circles and hy Di, . . . , 
the given angular domains with angles ai, . . . ,ak- An angular domain 
D will be called regular if the vertex of D is on K and both bounding 
halfiines of D intersect k. Without loss of generality, we can assume that 
Di, . . . ,Dk are regular domains. 

The idea of the proof is the following: We construct a rotation invariant 
nonnegative measure /i on the closed disc T bounded by k such that the 
measure of the intersection of D and T is a, where D is an arbitrary 
regular angular domain with angle a. Having such a measure we can 
give a one line proof for the theorem: 



and observe that //(T") is exeactly the view angle of k from any point of 



Now we construct the desired measure. Let P e T be an arbitrary 
point, and denote by p the distance of P and O. Then define 



Obviously is a rotation invariant nonnegative measure on T. To prove 
the key property of //., let D be a regular angular domain with vertex A 
and angle a. Then we want to show IJ>{D) — a. Without loss of generality 
we can assume that one of the bounding halflines of D is tangent to k 




K. 




If 5" is a Lebesgue measurable subset of T then let 
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at the point Q. (In the general case D can be obtained as the difference 
of two such angular domains.) Denote by e the angle OAQ < and by 
d the (signed) distance of the other bounding halfiine from O. (This 
distance is positive if O is outside D, and negative if O is inside D.) 
Then d = i?sin(£ — a). Using succesive integration, we obtain 

r arccos(a!/p) 

p{D) = J F{P)dP = j j f{p)pdipdp 

D d — arccos(rf/p) 



r 

j 2f{p)paxccos{d/p)dp 



d 

r 



„ , , / RsiTiie — a) , , 
2/(p)parccos I ) dp. 



Rs\n{e—a) 

Thus we have to show that 

r 

( Rsm{e-a)\ 
2j[p)p aiccos I I dp = a 

i?sin(e— a) 

for all < a < 2e. Substituting the new variable t = Rsm{e — a) this 
reduces to 

r 

2f [p] p &xccos{t / p)dp = e — arcsin(t/i?), 



t 



ioT —r <t <r. This latter equation is obviously valid for i = r, thus it 
suffices to show that the derivatives of both sides with respect to t are 
identical, i.e. 

2f{p)p 1 

-.dp — =, —r<t<r. 



However 



2f{p)p ^ [2 p / i?2_^2 
'^^^^.dp = -.—J^.J— ———-dp 



./^~t^ J TT R^-p^ \{r^-p^){p'-t^) 



t 

p=r 



arctan 



iR^-r"^ p'^-t'^ 

1 
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Thus the proof is complete. 

Remark. When n — 2 and K is the unit disc, then the statement of 
the plank problem can easily be derived from our theorem. Denote the 
unit disc by T and assume that it is covered by strips 5*1 , . . . , S'fc (whose 
bounding lines intersect T). Take a concentric circle K with radius R, 
where R is sufficiently large. Assume that the two bounding lines of Si 
intersect K m Ai, Bi and in Ci,Di. We choose the notation such that Si 
is covered by the two regular angular domains AiBiDi < and BiDiCi <. 
Denote by a[ and a'- their angle and by di the width of Si. Then we 
have 

> tanttj > a^, — — — - > tanoij > a^. 



2R-2- " 2R-2 

Thus the theorem yields 

> E(«: + «n >2e> 2sins > |. 

i=l 1=1 

Now taking the limit i? — >■ oo we obtain the statement. 
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